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Bou nda ry- Layer Ski m m i ng : Ca Icu I at iona I 
Curiosity or Promising Process? 

It is suggested that the productivity of ultra-filtration and reverse osmosis 
can be increased substantially where the desired product is concentrated 
in the diffusional boundary layer adjacent to the membrane. This increase 
can be achieved by removing product preferentially from the boundary- 
layer region. The possible concentration increase and yield of such a skim- 
ming process are predicted to be very significant for the constant-property 
approximation and stagnation flow considered in this exploratory paper. 

HO-LUN LEE and 
E. N. LIGHTFOOT 

Department o f  Chemical Engineering 
Univekty  of Wisconsin 

Madison, Wisconsin 53706 

SCOPE 
This paper suggests the possibility of substantially in- 

creasing the capacity of ultra-filtration equipment by 
skimming off the concentrated boundary layers which 
form adjacent to the filtration membrane. It builds on two 
previous papers from our laboratory (Kozinski et al., 1971, 
1972) which are devoted to description of protein bound- 
ary layers, and on the generalized boundary-layer analysis 
of Stewart (1963). 

The skimming process is described schematically in 
Figure 1, and a specific example, two-dimensional stagna- 
tion flow, is shown in Fig. 2. Behavior is described in 
terms of a concentration factor f and an effectiveness e 
defined by 

where CSk is the cup-mixing concentration of solute in the 
skimmed layer and C, is that in the approaching fluid, and 

f = csk/cm (1)  

where Qsk is the volumetric rate at which the boundary 
layer is skimmed off, and Quf is the volumetric rate of 
ultrafiltration. 

The effectiveness is just the ratio of (hypothetical) 
effective protein concentration in the solution removed, 
by a combination of ultra-filtration and skimming, to that 
outside the boundary layer. Its significance can perhaps 
be seen most clearly in a simple closed system operating 
continuously, as shown in Figure 3. For this situation 

e = cdc,  (3 )  

where cF is feed concentration. Clearly 0 6 e 6 1. The 
concentration factor on the other hand will always be 
greater than unity. 

CONCLUSIONS AND SIGNIFICANCE 
The results of this preliminary analysis, summarized in 

Figures 4 and 5, are very encouraging for concentration 
of solutes by boundary-layer skimming, in either ultra- 

filtration or reverse osmosis. Efficient fractionation based 
on differences in solute diffusivity also appear possible, 
but the picture here is less clear. 
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The effectiveness of boundary-layer skimming for solute 
concentration i s  shown in Figure 4. Here effectiveness e 
is plotted against the concentration factor f with the ratio 
of wall (membrane surface) concentration cw to bulk 
concentration c, as a parameter. As an example consider 
a 0.18yo feed solution filtered at such a rate that wall con- 
centration is 1.670/,. This situation corresponds to the 
second curve from the right in the figure and represents 
a fairly modest filtration pressure. If skimming is con- 

ducted at such a rate that f = 8.5 we find that e is about 
0.43 and f/e is 20. For the steady state batch system this 
means that product concentration is 20 times feed con- 
centration whereas bulk concentration (equal to product 
concentration in the absence of skimming at the same 
filtration rate and bulk concentration) is only about 
(1/0.43) = 2.32 times feed concentration. Even more 
impressive results are predicted for higher filtration pres- 
sure. 

This is the third in a series of papers from our labora- 
tory exploring the potentialities of ultra-filtration for the 
concentration and separation of proteins and other high- 
molecular weight solutes. 

In the first paper Kozinski and Lightfoot (1971) 
showed that the diffusional and hydrodynamic character- 
istics of protein boundary layers were primarily responsi- 
ble for the observed limitations on equipment productiv- 
ity. They also developed a simple and reasonably success- 
ful method for predicting equipment performance in the 
concentration of globular proteins, which requires no 
transport or thermodynamic data. In the second paper 
(1972) these same authors showed that much improved 
predictions could be obtained by using experimental vis- 
cometric and diffusional data, and by including osmotic 
effects. Thus they were able to obtain excellent agreement 
between prediction and experiment for filtration of bovine 
serum albumin solutions on a spinning-disk ultra-filter. 

Admittedly solutions of native serum albumin are par- 
ticularly well behaved and well characterized. I t  must 
also be kept in mind that proteins can denature under 
ultra-filtration conditions and produce much bigger re- 
sistance to water movement than would occur for the 
native proteins. This situation is probably common in 
commercial processes and was found by Kozinski and 
Lightfoot even for purified serum albumin at low ionic 
strength (1972). It does seem, however, that for practical 
engineering purposes the nature of boundary layers of 
pure native proteins, and their effects on the productivity 
of ultra-filtration equipment, are fairly well understood. 

Analyses of the above type show that protein concentra- 
tions within the boundary layers are typically very much 
larger than in the bulk of the solution being filtered. Fur- 
thermore, even thouph these boundary lavers can be 
thinned, as by using higher Reynolds numbers, the eco- 
nomics of ultra-filtration is such that they always impose 
a serious limitation on equipment performance. 

It is thus of interest to determine if advantage may be 
taken of the boundary layers by preferentially withdraw- 
ing product from these regions of high solute concentra- 
tion, that is, by boundary layer skimming. 

Such a skimming process is indicated schematically in 
Figure 1 for the commercially interesting tubular or flat- 
plate geometries. The dashed lines represent the filtration 
membrane, permeable to water but not the excluded 
solute. The dotted lines represent the skimming ports. 
These may be simple slits, or perhaps such porous sur- 
faces as sintered particulate plates, through which the 
boundary layers developed on the upstream mem- 
brane are removed. Multiple stages are shown here 
as equipment performance can be increased by 
using shorter boundary layers. In the simplest case, 
however, only a single stage would be used, and the 

primary advantage would be increased solute concentra- 
tion in the product. The bulk solution leaving from such 
an apparatus can of course be recycled. 

The effectiveness and concentration factor are depend- 
ent upon the thickness of the skimmed layer. This de- 
pendence is shown for e in Figure 5, which is for stagna- 
tion flow, in terms of the dimensionless skimming thick- 
ness 

H = Y/6(X)  (4)  
where S ( X )  is the boundary layer thickness. I t  can be 
seen that skimming is effective only when the layer's 
thickness is about 6. 

Fractionation of solutes with different diffusivities can 
also be achieved by controlling the skimming rate, that is, 
the fraction of the boundary layer removed. This is possi- 
ble because boundary layer thickness increases with an 
increase in diffusivity. 

To determine the feasibility of such a process will 
ultimately require careful experimentation, and it is quite 
pi obable that substantial practical difficulties will be en- 
countered in skimming off boundary layers with thick- 
nesses of the order of microns. It is therefore desirable to 
assess process potentialities and to obtain a guide to any 
later experiments via a mathematical analysis. Such is 
the purpose of the present paper. To accomplish it we 
first obtain some general results from boundary layer 
theory, which is in a readily usable form for people 
interested in other geometries, and then treat as a specific 
example a system particularly simple to analyze: two- 
dimensional stagnation flow with negligible variation of 
viscosity, diffusivity, and osmotic pressure. This approach 
will be seen to permit description of a very wide range of 
conditions in a very compact way. 

Stagnation flow is a convenient example because results 
are the same for all membrane lengths: the description is 
geometry independent, This is, however, also approxi- 
mately true under commercially interesting conditions for 

P P P 

Fig. 1 .  Schematic representation of a boundary-layer skimming opera- 
tion. Dashed lines represent cross-sections of the  filtration membrane, 
and the dotted lines those of the skimming ports. The streams marked 
w ore ultra-filtrate (essentially water in many cases) and those 
marked are product streams (for example, concentrated Protein 

solutions). 
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many other geometries of interest: No significant length 
enters into the final picture, and Equations ( 5 )  through 
(22) apply to all. Specialization to a specific geometry 
is required, as in Equation (23) ,  when e/f is to be cal- 
culated. Behavior of more concentrated solutions requires 
consideration of property variations and will be discussed 
in a later paper. 

THEORETICAL DEVELOPMENT 

We will be concerned here with those systems for 
which the three-dimensional similarity transformation of 
Stewart ( 1963) is applicable. For these the concentration 
profile is given by* 

d 2 n  cW - C, d n  dn - (5) 

B.C. 1: At 7 = 0 n = 0 (6) 

B.C.2: AS 7- co n +  1 ( 7 )  

with 

Here 

rI=- = a dimensionless solute concentration 
Ci - Cw 

c, - cw 

( 8 )  
q = y/6(x) = relative distance into the boundary 

layer from the wall 

The boundary layer thickness 6 is given by 

Daw CW - C, d n  
6 c w  dq 

uyly=o = - - - - 

Y = j ( x , z )  = (2  I ) 
y=O 

(11) 
V = O  

The essentially simple nature of such systems is discussed by Light- 
foot (1969), p. 41, for the simpler case of an impermeable wall and by 
Kozinski et al. (1972) for ultra-filtration. These references and Acrivos 
(1962) may provide useful background. 
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valid for arbitrary geometry in the limit of high pressure 
drop across the membrane, which is characteristic of com- 
mercial ultra-filtrations. This situation corresponds to 
exactly one curve in our plots, that is, the curve with 
wall concentration cw equal to the saturation concentration 
of the high-molecular weight solute. I t  follows that this 
is the curve of industrial interest. Equations (5) through 
(7)  therefore provide an adequate description for a very 
large number of practical situations except of course for 
the neglect of property variations. Furthermore it is clear 
that the dimensionless profile n(7) depends only upon 
the parameter 

(12) 
c w  - c, 

CW 
n'(0) = u 

for which we shall use the symbol U as indicated. 
We may now calculate the ultra-filtration rate from 

Equation (11) and the skimming rates from the integral 
of Equations (5) through ( 7 ) ,  which may be written 
formally as 

e-cP"PU)dp 

= rr'(0) 1 , - ( P 3 + t P U ) d p  (13) 
1 

rI= 
Jo" e - ( ~ 9  + PU )dp  

where ~ ' ( 0 )  is dWdTl,=o. Our calculations are based on 
the integrals 

Quf  = Jox soz - h,h, dxdx (14a) 

where H = Y/6 ( X )  . 

Here the filtration area is the region 

o < x < x ;  o < z < z  (17) 

and the skimmed zone extends from 

O < T < H  (18) 

Relations (17) could be further generalized if desired, 
but those given are sufficient for our present purposes. 

We are now in a position to determine the functions f 
and e for any given permeation rate and thickness of 
layer skimmed. For these purposes it is convenient to 
begin by selecting convenient values of U and then pro- 
ceeding as follows: 

1. Calculate cw/c, from Equation (12) and the chosen 
value of U: 

This integral is simply evaluated numerically. 
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2. Calculate f from Equations ( 16b) and (19) : 

where the integral I = 

niently obtained by changing the original order of integra- 
tion and then integrating by parts. One thus obtains 

nTd7 may be most conve- SoH 

This integral may be evaluated in essentially the same way 
as that in Equation (19) ,  thus simplifying the calculation 
procedures. Note that this result is completely geometry 
independent and most particularly that it does not depend 
upon the size of the ultra-filtration zone. 

3. Calculate ( e / f )  from the relation: 

e 

(22) 
I t  may be noted that all geometry dependence occurs here 
and furthermore that e / f  depends only upon geometry 
(including the thickness of the skimmed layer). 

The integrals of Equation (22) may be simply evalu- 
ated for many situations, but for illustrative purposes we 
consider here the special case of two-dimensional and 
axi-symmetric flows [see, for example, Acrivos ( 1962) 1. 
For these h, and 6 are independent of z ,  and h, may be 
taken as unity. We may thus write 

(two-dimensional or axi-symmetric) 

For two-dimensional systems h, is also unity, and Equa- 
tion (22) simplifies still further. 

APPLICATION OF THE THEORY 

We consider here as a particularly simple example the 
two-dimensional stagnation flow of Figure 2. For it we 
may use Equation (23) with h, equal to unity and fur- 
thermore write [see, for example, Batchelor ( 1967) ] : 

ICi = c, 

I 

Fig. 2. Skimming in stagnation flow. Solution of concentration c, 
approaches a f la t  wall a t  high Reynolds number to produce a con- 
centration boundary layer, which for this situation has a uniform 
thickness 6,. The filtration membrane extends a distance X in the 
direction of flow from the stagnation locus and a t  x =X a layer of 
thickness Y is removed in such a way as not to disturb the upstream 

flow. 

I F 

’Qs k 

t 
%F 

Fig. 3. A simple continuous ultra-filtration 
system. 

- 
i. = cux and Y = F ” ( 0 )  k d k / u  (24) 

where k is a measure of the strength of the flow and F ” ( 0 )  
is a tabulated constant. From Equation (9), 

1 u - I  

e -1 f 
With f known from Equation (21), e can be calculated 
from Equation (26).  Figures 4 and 5 are constructed 
from these relations by straightforward mathematical op- 
erations. These figures are centers of the discussion which 
follows. 

DISCUSSION 

The effectiveness-concentration relations shown in Fig- 
ure 4 are the most important result of the above analysis. 
It is suggested here that successful skimming could in- 
crease product concentration manyfold without change in 
filtration rate, Furthermore, though these results are spe- 
cific for two-dimensional stagnation flow, there is no rea- 
son to expect a marked dependence on geometry. The 
effect of the thickness of the skimmed layer on skimming 
effectiveness, shown in Figure 5, also suggests that skim- 
ming may prove feasible as a means of fractionation. There 
are, however, a number of questions yet to be resolved. 

The significance of Figure 4 can perhaps be most easily 
seen for the conditions of Figure 3 by noting that f/e is 
the predicted ratio of product to feed concentration in a 
skimming operation while the corresponding ratio without 
skimming is W e .  One can easily compare these quantities 
for any degree of polarization (c,/c,) shown in the figure, 
as indicated by the numerical example in Conclusions and 
Significance. I t  can readily be seen that both high product 
concentration and effectiveness are predicted at even 
rather modest levels of polarization. Similar conclusions 
can be obtained from a recent paper by Gill et al. (1972) 
written from a different point of view. 

The dependence of effectiveness and concentration fac- 
tor on thickness of skimmed layer shown in Figure 5 can 
be used as a basis for fractionation. For any given filtra- 
tion rate ctC/c, will be less for a higher solute diffusivity 
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this process and 
achieving similaI 
We hope to work 

its comparison with alternate means for 
’ ends, for example, use of hollow fibers. 
on these aspects of the problem next. 

Fig. 4. Plot of equipment effectiveness vs. concentration by skimming. 

)+;I 
B(X1 

Fig. 5. Plot of effectiveness vs. fraction of boundary layer thickness 
V 

from membrane surface H = - * 
6 ( X )  

and boundary layer thickness will increase [Equation 
(11) 1. Effectiveness will then tend to decrease with in- 
creased diffusivity, and the difference in effectiveness for 
any two solutes can be maximized by proper choice of 
filtration rate (through its effect on c,/c,) and H .  The 
change of e with cw/c, and H is sufficiently large at low e 
that efficient separations seem possible even though 
boundary-layer thickness only varies with the 1/3-power 
of solute diff usivity. However, both the concentration 
dependence of transport properties and solute-solute in- 
teractions in the boundary layer may influence separabil- 
ity very substantially. A more thorough analysis of solute 
separation is therefore in order. 

We have already prepared some preliminary calcula- 
tions for variable-property systems, and these can be 
easily extended. The show diminished effectiveness of 
skimming as expected: but they are still quite encourag- 
ing. 

There seems no doubt that successful skimming would 
be highly beneficial, particularly in raising permissible 
product concentrations for systems of high viscosity. The 
main uncertainties are as to the mechanical feasibility of 
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NOTATION 

ci = concentration of species i 
cF = feed concentration of i 
cSk = skimming-product concentration of i 
c, = concentration of i at membrane surface 
c, = bulk concentration 
DiW = pseudo-binary diffusion coefficient of species i 

e = effectiveness factor as defined in Equation (2)  
f = concentration factor defined in Equation (1) 
F(y) = function given in Batchelor (1967) showing y- 

h = scale factors for any set of three-dimensional 

H = ratio of skimmed layer’s thickness to boundary 

= an integral, 6 nTdT 

= strength of flow for the stagnation flow consid- 

in water 

dependency of x-component velocity 

curvilinear coordinates 

layer thickness 6 

I 

k 

p = dummy integral variable 
Qsk 
Quf = ultra-filtration rate 
s 
U = dimensionless parameter defined by Equation 

I), = x-component of velocity 
oy = y-component of velocity 
x = curvilinear coordinate 
X = x-dimension of system 
y = curvilinear coordinate 
Y 
z = curvilinear coordinate 
Z = z-dimension of system 
Greek Letters 

QI 

y 
S 

7 

II = dimensionless concentration 

ered 

= skimming product’s flow rate 

= distance of point from origin 

(12) 

= thickness of skimmed layer 

= proportionality constant between surface shear 

= shear rate at membrane surface 
= concentration boundary thickness, as defined by 

= ratio of actual distance from surface to boundary 

rate and distance in x 

Equation (9) 

layer thickness 
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